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RECOLLEMENT OF HOMOTOPY CATEGORIES AND
COHEN-MACAULAY MODULES
OSAMU IYAMA, KIRIKO KATO AND JUN-ICHI MIYACHI
Abstract. We study the homotopy category of unbounded complexes with
bounded homologies and its quotient category by the homotopy category of
bounded complexes. We show the existence of a recollement of the above
quotient category and it has the homotopy category of acyclic complexes as a
triangulated subcategory. In the case of the homotopy category of finitely gen-
erated projective modules over an Iwanaga-Gorenstein ring, we show that the
above quotient category are triangle equivalent to the stable module category
of Cohen-Macaulay T2(R)-modules.
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0. Introduction
Let A be an abelian category, and B its an additive full subcategory. We consider
the homotopy categoryK∞,b(B) of unbounded complexes with bounded homologies,
its subcategories
Kb(B) −−−−→ K−,b(B)y y
K+,b(B) −−−−→ K∞,b(B)
and the homotopy category K∞,∅(B) of acyclic complexes, that is, complexes with
null homologies. The homotopy categories K+,b(B) and K−,b(B) are basically im-
portant when we study bounded derived categories using the category of injective
objects and the one of projective objects. The quotient category (K−,b /Kb)(B) of
K−,b(B) by Kb(B) is closely related to various stable categories in representation
theory ([H2], [Rd], [Bu]). The derived categories are originally defined by quotient
categories of homotopy categories. But in the situation that we actually deal with
1991 Mathematics Subject Classification. 18E30, 18G35, 16G99.
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a derived category, we often realize it as a subcategory of a homotopy category
which is an opposite part of the homotopy subcategory of null complexes. This
structure of subcategories in a triangulated category is called a stable t-structure, a
torsion pair, a semiorthogonal decomposition, Bousfield localization and so on (see
e.g. [Mi1]).
Definition 0.1. Let D be a triangulated category. A pair (U ,V) of full subcate-
gories of D is called a stable t-structure in D provided that
(a) U = ΣU and V = ΣV .
(b) HomD(U ,V) = 0.
(c) For every X ∈ D, there exists a triangle U → X → V → ΣU with U ∈ U
and V ∈ V .
In this case, U and V are full triangulated subcategories of which the isomorphic
closures are thick subcategories in D. In this paper, using this notion we study
triangulated full subcategories of (K∞,b /Kb)(B). First we show that if A has
enough injective (resp., projective) objects, then
(K∞,∅(B), (K+,b /Kb)(B)) and ((K+,b /Kb)(B), (K−,b /Kb)(B))
(resp., ((K+,b /Kb)(B), (K−,b /Kb)(B)) and (K−,b(B), (K∞,∅ /Kb)(B)))
are stable t-structures in (K∞,b /Kb)(B), where B is the category InjA (resp.,
ProjA) of injective (resp., projective) objects (Theorem 2.4). This condition corre-
sponds to TTF theory in an abelian category. Hence we have the recollement
(K∗,b /Kb)(B) i∗ // (K
∞,b /Kb)(B)
i∗oo
i!
oo
j∗ // (K
∞,b /K∗,b)(B)
j!oo
j∗
oo
where ∗ = + (resp., −). In particular, we have the following triangle equivalences.
Theorem 0.2. Let A be an abelian category with enough injectives, A′ an abelian
category with enough projectives, then we have a triangle equivalences
(K∞,b /K+,b)(InjA) ≃ (K−,b /Kb)(InjA) ≃ K∞,∅(InjA)
(K∞,b /K−,b)(ProjA′) ≃ (K+,b /Kb)(ProjA′) ≃ K∞,∅(ProjA′)
Let us introduce the following key notion in this paper.
Definition 0.3. Let D be a triangulated category, and let U ,V ,W be triangulated
full subcategories of D. We call (U ,V ,W) a triangle of recollements in D if (U ,V),
(V ,W) and (W ,U) are stable t-structures in D.
If (U ,V ,W) is a triangle of recollements, all the relevant subcategories and quo-
tient categories U ,V ,W ,D/U ,D/V and D/W are equivalent.
We observed a triangle of recollements in a quotient homotopy category of an
Iwanaga-Gorenstein ring. Such strong symmetry was never reported before. In the
forthcoming paper [IKM], we will study an n-gon of recollement in general.
The following class of rings is the main object of this paper.
Definition 0.4. We call a ring R Iwanaga-Gorenstein if it is Noetherian 1 with
idimRR < ∞ and idimRR < ∞ [Iw]. Moreover, we say that R has a two-sided
1All our results on Iwanaga-Gorenstein rings except those in Section 5 are valid also for coherent
rings with idimR R <∞ and idimRR <∞
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injective resolution if there is an R-bimodule complex V which is an injective res-
olution of R as right R-modules and as left R-modules.
We have the following stronger statement for A = modR, which is our first main
result in this paper (Theorems 2.7, 5.6).
Theorem 0.5. Let R be an Iwanaga-Gorenstein ring. Then we have a triangle of
recollements
(K+,b /Kb)(projR), (K−,b /Kb)(projR),K∞,∅(projR))
in (K∞,b /Kb)(projR). If R has a two-sided injective resolution, then we have a
triangle of recollements
(K+,b /Kb)(ProjR), (K−,b /Kb)(ProjR),K∞,∅(ProjR))
in (K∞,b /Kb)(ProjR).
Definition 0.6. For an Iwanaga-Gorenstein ring R, define the category of Cohen-
Macaulay R-modules2 and large Cohen-Macaulay R-modules by
CMR := {X ∈ modR | ExtiR(X,R) = 0 (i > 0)},
LCMR := {X ∈ ModR | ExtiR(X,ProjR) = 0 (i > 0)}.
In the representation theory of algebras, the category CMR is important from
the viewpoint of (co)tilting theory [ABr, ABu, AR1, AR2]. It is well-known that
CMR forms a Frobenius category with the subcategory projR of projective-injective
objects, and the stable category CMR forms a triangulated category [H1]. By a
result of Happel [H2], there exists a triangle equivalence
CMR ≃ (K−,b /Kb)(projR),
which was shown by Rickard [Rd] for self-injective algebras and by Buchweitz [Bu]
for commutative Gorenstein rings. Recently this category was studied by several
authors motivated by string theory (e.g. [O1], [O2]). In this paper, we give a
same type of description of this category. We denote by Tm(R) an m ×m upper
triangular matrix ring over R. Our second main result is the following (Theorems
4.8, 5.11).
Theorem 0.7. Let R be an Iwanaga-Gorenstein ring. Then so is T2(R), and there
exists a triangle equivalence
CMT2(R) ≃ (K
∞,b /Kb)(projR).
If R has a two-sided injective resolution, then there exist triangle equivalences
LCMT2(R) ≃ (K
∞,b /Kb)(ProjR) ≃ (K∞,b /Kb)(InjR).
This is proved by using the above triangles of recollements in (K∞,b /Kb)(projR)
and (K∞,b /Kb)(ProjR).
Moreover, we study the case of a Frobenius category F with the additive sub-
category P of pro jective-injective objects. Then we can apply results of K∞,b(B)
to this case. According to Theorem 0.2, we have triangle equivalences
(K+,b /Kb)(P ,F) ≃ (K−,b /Kb)(P ,F) ≃ F
More(F) ≃ Morm(F) ≃ (K∞,b /Kb)(P ,F).
2 In the representation theory of commutative rings [Y] and orders [CR, A2], there is another
notion of Cohen-Macaulay modules (see [I]). These two concept coincide for the Gorenstein case.
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Conventions For a ring R, we denote by ModR (resp., modR) the category
of right (resp., finitely presented right) R-modules, and denote by ProjR (resp.,
InjR, projR) the additive full subcategory of ModR consisting of projective (resp.,
injective, finitely generated projective) modules. For right (resp., left) R-module
MR (resp., RN), we denote by idimMR (resp., idimRN) is the injective dimension
of MR (resp., RN), and denote by pdimMR (resp., pdimRN) is the projective
dimension of MR (resp., RN). For a triangulated category, we denote by Σ the
translation functor.
For an additive category B, we denote by C(B) the category of complexes over
B, and by K(B) (resp., K+(B), K−(B), Kb(B)) the homotopy category of complexes
(resp., bounded below complexes, bounded above complexes, bounded complexes)
of B. When B is a full subcategory of an abelian category, we denote by K∞,b(B)
(resp., K+,b(B) , K−,b(B)), the full subcategory of K(B) (resp., K+(B) , K−(B))
consisting of complexes with bounded homologies, and by K∞,∅(B) the homotopy
category of acyclic complexes, that is, complexes with null homologies. For a com-
plex X = (X i, di), we define the following truncations:
τ≥nX : · · · → 0→ X
n → Xn+1 → Xn+2 → · · · ,
τ≤nX : · · · → X
n−2 → Xn−1 → Xn → 0→ · · · .
For an object M in an additive category B, we denote by AddM (resp., addM)
the full subcategory of B consisting of objects which are isomorphic to summands
of (resp., finite) coproducts of copies of M .
For an abelian category A, we denote by InjA (resp., ProjA) the category of
injective (resp., projective) objects of A, and denote by D(A) (resp., Db(A)) the
derived category of complexes (resp., bounded complexes) of objects of A.
Acknowledgement We would like to thank Professor B. Keller and Professor H.
Krause for helpful conversations and correspondences.
1. Stable t-structures and recollements
We recall the notion of (co)localizations and recollements and study the rela-
tionship with stable t-structures. This correspondence enables us to understand
(co)localizations and recollements by way of subcategories instead of quotient cat-
egories. Indeed, Proposition 1.2 and Corollary 1.4 show that a (co)localization
induces a stable t-structure, and vice versa. So the notion of (co)localizations
is tantamount to that of stable t-structures. A recollement is a combination of
a localization and a colocalization. In Proposition 1.8 we see that a recollement
corresponds to two consecutive stable t-structures. Even more symmetric situa-
tion a triangle of recollements consists of three consecutive and recursive stable t-
structures (U ,V), (V ,W), and (W ,U). Obivously we obtain three recollements from
a triangle of recollements in Proposition 1.10. Whenever we have a triangle of rec-
ollements, all the relevant subcategories and the quotient categories are equivalent.
Moreover, we study a triangle functor between triangulated categories equipped
with stable t-structures. It is natural to ask when a functor respects localizations
(colocalizations, recollements etc.), in other words, whether it is commutative with
quotient functors and their adjoint functors. The condition is simply given by sta-
ble t-structures (Lemma 1.8 and Corollary 1.10). The upshot is Proposition 1.16:
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a triangle functor which respects a triangle of recollements is an equivalence if its
restriction to some subcategory is so.
First we see that a (co)localization and a stable t-structure essentially describe
the same phenomenon, using the similar methods for recollements [BBD].
Definition 1.1. Let i∗ : D → D′ be a triangle functors between triangulated
categories D and D′.
(1) If i∗ has a fully faithful right adjoint i∗ : D
′ → D, then i∗ or a diagram
D
i∗ //
D′
i∗
oo is called a localization of D.
(2) If i∗ has a fully faithful left adjoint i! : D
′ → D, then i∗ or a diagram
D′
i! //
D
i∗
oo is called a colocalization of D.
Proposition 1.2 ([Mi1]). Let D be a triangulated category.
I Let (U ,V) be a stable t-structure in D. Then we have the following:
(1) The canonical embedding functors i∗ : U → D and j∗ : V → D have
a right adjoint i! : D → U and a left adjoint j∗ : D → V respectively
such that Ker i! = V and Ker j∗ = U . In particular, U
i∗ //
D
i!
oo is a
colocalization and D
j∗ //
V
j∗
oo is a localization of D.
(2) The adjunction arrows i∗i
! → 1D and 1D → j∗j
∗ give a triangle
i∗i
!X → X → j∗j
∗X → Σi∗i
!X for each X ∈ D.
(3) i! and j∗ induce triangulated equivalences D/V ≃ U and D/U ≃ V
respectively.
II (4) If D
i∗ //
D′
i∗
oo is a localization of a triangulated category D, then
(Ker i∗, Im i∗) is a stable t-structure in D. In particular, i
∗ induces
an equivalence D/Ker i∗ ≃ D′.
(5) If D′
i! //
D
i∗
oo is a colocalization of a triangulated category D, then
(Im i!,Ker i
∗) is a stable t-structure in D. In particular, i∗ induces an
equivalence D/Ker i∗ ≃ D′.
Definition 1.3. A sequence of triangle functors between triangulated categories
D′
i∗ //
D
i!
oo
j∗ //
D′′
j∗
oo
is called a localization exact sequence if it satisfies the following:
(a) D
j∗ //
D′′
j∗
oo is a localization and D′
i∗ //
D
i!
oo is a colocalization of D.
(b) there are canonical embeddings Im i∗ →֒ Ker j
∗ and Im j∗ →֒ Ker i
! which
are equivalences.
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If this is the case, (Ker j∗, Im j∗) = (Im i∗,Ker i
!) is a stable t-structure in D by
Proposition 1.2(4)(5).
Any (co)localization is completed as a localization exact sequence, which is an
easy application of Proposition 1.2.
Corollary 1.4. (1) If D
j∗ //
D′′
j∗
oo is a localization of D, there exists a local-
ization exact sequence D′
i∗ //
D
i!
oo
j∗ //
D′′
j∗
oo
(2) If D′′
j! //
D
j∗
oo is a colocalization of D, there exists a localization exact
sequence D′′
j! //
D
j∗
oo
i∗ //
D′
i∗
oo
Proof. (2) is a dual of (1).
(1) By Proposition 1.2(4), we have a stable t-structure (U ,V) for U := Ker j∗
and V := Im j∗. By Proposition 1.2(1), the inclusion functors i∗ : U → D and
j∗ : V → D have a right adjoint i
! : D → U and a left adjoint j∗ : D → V
respectively such that Ker i! = V and Ker j∗ = U . Thus the conditions (a) and (b)
are satisfied. 
The following proposition tells us how stable t-structures are inherited under
subcategories and quotient categories.
Proposition 1.5. Let D be a triangulated category, C a thick subcategory of D,
and Q : D → D/C the canonical quotient ([Ne2]). For a stable t-structure (U ,V) in
D, the following are equivalent.
(1) ({Q(U)}, {Q(V)}) is a stable t-structure in D/C.
(2) (U ∩ C,V ∩ C) is a stable t-structure in C.
In particular, if C is a triangulated full subcategory of U (resp., V), we can con-
sider that V (resp., U) is a full subcategory of D/C, and (U/C,V) (resp., (U ,V/C))
is a stable t-structure in D/C.
Here {Q(U)} is the full subcategory of D/C consisting of objects Q(X) for X ∈ U .
Proof. (1) ⇒ (2). For any B ∈ C, we have a triangle
A→ B → C → ΣA
with A ∈ U , C ∈ V . Then we have a triangle Q(A) → Q(B) → Q(C) → ΣQ(A).
Since Q(B) is a null object in D/C, we have Q(C) ≃ ΣQ(A) ∈ Q(U) ∩ Q(V).
Therefore Q(A) and Q(C) are null objects, and hence A ∈ U ∩ C and C ∈ V ∩ C.
(2) ⇒ (1). It suffices to show that HomD/C(Q(X), Q(Y )) = 0 for any X ∈ U ,
Y ∈ V . For f ∈ HomD/C(Q(X), Q(Y )), f is represented by
X ′
s

f
  A
AA
AA
AA
A
X Y
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where X ′
s
−→ X → M → ΣX ′ is a triangle with M ∈ C. By the assumption, there
exist a triangle L → M → N → ΣL such that L ∈ U ∩ C and N ∈ V ∩ C. Since
HomD(X,N) = 0, we have a morphism between triangles
X ′′
t

s′ // X // L

// ΣX ′′

X ′
s // X // M // ΣX ′
Then we have X ′′ ∈ U , and f is represented by
X ′′
s′

ft
!!B
BB
BB
BB
B
X Y
Therefore ft = 0, and hence f = 0. 
Remark 1.6. In Proposition 1.5, the implication (2) ⇒ (1) doesn’t need the
thickness of C (see [Ne2]).
Next let take us back to the notion of a recollement which consists of a local-
ization and a colocalization. And we recall that a recollement corresponds to two
consecutive stable t-structures.
Definition 1.7 ([BBD]). We call a diagram
D′ i∗ // D
i!
oo
i∗oo
j∗ // D′′
j!oo
j∗
oo
of triangulated categories and functors a recollement if it satisfies the following:
(1) i∗, j!, and j∗ are fully faithful.
(2) (i∗, i∗), (i∗, i
!), (j!, j
∗), and (j∗, j∗) are adjoint pairs.
(3) there are canonical embeddings Im j! →֒ Ker i
∗, Im i∗ →֒ Ker j
∗, and
Im j∗ →֒ Ker i
! which are equivalences.
Proposition 1.8 ([Mi1]).
(1) Let
D′ i∗ // D
i!
oo
i∗oo
j∗ // D′′
j!oo
j∗
oo
be a recollement. Then (U ,V) and (V ,W) are stable t-structures in D where
we put U = Im j!, V = Im i∗ and W = Im j∗.
(2) Let (U ,V) and (V ,W) be stable t-structures in D. Then for the canonical
embedding i∗ : V → D, there is a recollement
V i∗ // D
i∗oo
i!
oo
j∗ // D/V
j!oo
j∗
oo
such that Im j! = U and Im j∗ =W.
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In each cases, every object X of D has triangles
i∗i
!X → X → j∗j
∗X → Σi∗i
!X,
j!j
∗X → X → i∗i
∗X → Σj!j
∗X.
Thirdly, we introduce the notion of a triangle of recollements. A triangle of
recollements results in strong symmetry. And we mention that as the name shows,
it implies three recollements.
Definition 1.9. 3 Let D be a triangulated category, and let U1,U2,U3 be triangu-
lated full subcategories of D. We call (U1,U2,U3) a triangle of recollements in D if
(U1,U2), (U2,U3) and (U3,U1) are stable t-structures in D.
Proposition 1.10. Let D be a triangulated category. Then (U1,U2,U3) is a triangle
of recollements in D if and only if there is a recollement:
Uk ik∗ // D
i∗koo
i!k
oo
j∗k // D/Uk
jk!oo
jk∗
oo
such that the essential image Im jk! is Uk−1, and that the essential image Im jk∗
is Uk+1 for any k modn. In this case all the relevant subcategories Uk and the
quotient categories D/Ukare triangle equivalent.
Finally we study triangulated functors that respect a given localization (or a colo-
calization, a recollement, etc.). By virtue of the relationship to stable t-structures,
they are nothing but those which respect corresponding stable t-structures.
Definition 1.11. Let D1 and D2 be triangulated categories and let F : D1 → D2
be a triangulated functor.
(1) Let (Un,Vn) be a stable t-structures in Dn (n = 1, 2). We say that F sends
(U1,V1) to (U2,V2) if F (U1) is contained in U2 and F (V1) is in V2.
(2) Let θn be localization sequences in Dn (n = 1, 2):
θn : D
′
n
in∗ //
Dn
in
!
oo
in
∗
//
D′′n
jn∗
oo
We say that F sends θ1 to θ2 if there exist triangle functors F
′ : D′1 → D
′
2
and F ′′ : D′′1 → D
′′
2 that make all the squares in the following diagram
commutative up to functorial isomorphism.
D′1
i1∗ //
F ′

D1
i1
!
oo
i1
∗
//
F

D′′1
j1∗
oo
F ′′

D′2
i2∗ //
D2
i2
!
oo
i2
∗
//
D′′2
j2∗
oo
3More generally, (U1,U2, · · · ,Un) is called an n-gon of recollements in D if (Ui,Ui+1) is a stable
t-structure in D (1 ≤ i ≤ n), where U1 = Un+1 (see [IKM]).
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(3) Let τn be a recollement in Dn (n = 1, 2):
τn : D
′
n
in∗ // Dn
in
∗
oo
in
!
oo
jn
∗
// D
′′
n
jn!oo
jn∗
oo
We say F sends τ1 to τ2 if there exist triangle functors F
′ : D′1 → D
′
2
and F ′′ : D′′1 → D
′′
2 that make all the squares in the following diagram
commutative up to functorial isomorphism.
D′1
i1∗ //
F ′

D1
i1
∗
oo
i1
!
oo
j1
∗
//
F

D′′1
j1!oo
j1∗
oo
F ′′

D′2
i2∗ // D2
i2
∗
oo
i2
!
oo
j2
∗
// D
′′
2
j2!oo
j2∗
oo
(4) Let (Un,Vn,Wn) be a triangle of recollements in Dn (n = 1, 2). We say
that F sends (U1,V1,W1) to (U2,V2,W2) if F (U1) is contained in U2, F (V1)
is in V2, and F (W1) is in W2.
Above definition (2) and (3) look reasonable but complicated. Although com-
mutativity with inclusion functors automatically implies that with quotients and
other adjoints.
Lemma 1.12. Let D1 and D2 be triangulated categories and let (Un,Vn) be stable
t-structures in Dn. Let
θn : Un
iUn∗ //
Dn
iUn
!
oo
jUn
∗
//
Dn/Un
jUn ∗
oo
be localization sequences with the canonical embedding functors iUn∗, the canonical
quotient functors j∗Un. Let F : D1 → D2 be a triangulated functor.
Then the following are equivalent.
(1) F sends (U1,V1) to (U2,V2).
(2) F sends θ1 to θ2.
If this is the case, the functors F1 : U1 → U2 and F2 : D1/U1 → D2/U2 are
uniquely determined by F as FiU1∗ = iU2∗F1, F2jU1
∗ = jU2
∗F , F1iU1
! ≃ iU2
!F , and
FjU1∗ ≃ jU2∗F2.
Proof. (2) ⇒ (1) is obvious.
(1) ⇒ (2). There uniquely exist functors Fˆ : D1/U1 → D2/U2, F˜ : D1/V1 →
D2/V2 that make the following diagram commutative :
U1
iU1∗ //
F |U1

D1
jU1
∗
//
F

D1/U1
Fˆ

U2
iU2∗ //
D2
jU2
∗
//
D2/U2
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V1
iV1 ∗ //
F |V1

D1
jV1
∗
//
F

D1/V1
F˜

V2
iV2 ∗ //
D2
jV2
∗
//
D2/V2
where iV1∗, iV2∗ are the canonical embedding functors and j
∗
V , j
∗
V2
the canonical
quotient functors. On the other hand, a right adjoint i!U1 (i
!
U2
) of iU1∗ (iU2∗)
induces an equivalence e : D1/V1 → U1 (e
′ : D2/V2 → U2) such that i
!
U1
= ej∗V1
(i!U2 = ej
∗
V2
). Define the functor F1 : U1 → U2 as e
′Fˆ = F1e. Then F1i
!
U1
=
i!U2F . And F1 = F1i
!
U1
iU1∗ = i
!
U2
FiU1∗ = i
!
U2
iU2∗F |U1 = F |U1 . Similarly, using
equivalences g : D1/U1 → V1 and g
′ : D2/U2 → V2 induced by left adjoints i
∗
V1
, i∗V2
of iV1∗, iV2∗ respectively, we get a functor F2 : D1/U1 → D2/U2 as FjU1∗ = jU2∗F2.
The functors F2 and F˜ coincide as well. 
We have the following immediate consequence of Lemma 1.12.
Corollary 1.13. Let D1 and D2 be triangulated categories and (Un,Vn), (Vn,Wn)
be stable t-structures in Dn (n = 1, 2). The following are equivalent for a triangle
functor F : D1 → D2:
(1) F sends (U1,V1) to (U2,V2) and (V1,W1) to (V2,W2).
(2) F sends τ1 to τ2 where τn is a recollement
Vn in∗ // D2
in
∗
oo
in
!
oo
jn
∗
// D2/V2
jn!oo
jn∗
oo
with a canonical embedding functor in∗ and a canonical quotient functor
jn
∗ (n = 1, 2).
If this is the case, triangle functors F ′ : V1 → V2 and F
′′ : D1/V1 → D2/V2 are
uniquely determined as Fj1! ≃ j2!F
′′, F ′i1
∗ ≃ i2
∗F , F ′′j1
∗ = j2
∗F , Fi1∗ = i2∗F
′,
Fj1∗ ≃ j2∗F
′′, and F ′i1
! ≃ i2
!F .
V1 i1∗ //
F ′

D1
i1
∗
oo
i1
!
oo
j1
∗
//
F

D1/V1
j1!oo
j1∗
oo
F ′′

V2 i2∗ // D2
i2
∗
oo
i2
!
oo
j2
∗
// D2/V2
j2!oo
j2∗
oo
In the rest of this section we shall give a useful criterion to show that a triangle
functor is an equivalence by looking at the restriction to subcategories. We need
the following preparation.
Lemma 1.14. If a triangle functor F : D1 → D2 sends a stable t-structure (U1,V1)
in D1 to a stable t-structure (U2,V2) in D2. Then we have the following:
(1) If F |U1 is full (resp., faithful), then HomD1(U,X) → HomD2(FU, FX) is
surjective (resp., injective) for U ∈ U1 and X ∈ D1.
(2) If F |V1 is full (resp., faithful), then HomD1(X,V ) → HomD2(FX,FV ) is
surjective (resp., injective) for X ∈ D1 and V ∈ V1.
RECOLLEMENT OF HOMOTOPY CATEGORIES AND CM MODULES 11
(3) If F is full and F |U1 and F |V1 are dense, then F is dense.
Proof. (1) is a dual of (2).
(2) A given X ∈ D1 has triangles
UX → X → V
X → ΣUX
FUX → FX → FV
X → ΣFUX
where UX ∈ U1 and V
X ∈ V1. These induce HomD1(X,V ) ≃ HomD1(V
X , V ) and
HomD2(FX,FV ) ≃ HomD2(FV
X , FV ) for V ∈ V1. Hence surjectivity (resp. in-
jectivity) of HomD1(V
X , V )→ HomD2(FV
X , FV ) implies that of HomD1(X,V )→
HomD2(FX,FV ).
(3) Let X ′ be an object of D2. There is a triangle
U ′X′ → X
′ → V ′
X′ f
→ ΣU ′X′
with U ′X′ ∈ U2 and V
′X
′
∈ V2. There exist V ∈ V1, U ∈ U1 such that FV ≃ V
′,
FU ≃ U ′. And there exists g ∈ HomD1(V,ΣU) such that we have a morphism
between triangles
FU −−−−→ FX −−−−→ FV
Fg
−−−−→ ΣFUy≀ y y≀ y≀
U ′ −−−−→ X ′ −−−−→ V ′
f
−−−−→ ΣU ′
We have FX ≃ X ′. 
We have the following desired criterion.
Corollary 1.15. Let D1, D2 be triangulated categories. Let (Un,Vn) and (Vn,Wn)
be stable t-structures in Dn (n = 1, 2). Assume a triangle functor F : D1 → D2
sends (U1,V1) and (V1,W1) to (U2,V2) and (V2,W2) respectively. If F |U1 and
F |V1 are fully faithful (resp., equivalent), so is F .
Proof. For given X,Y ∈ D1, there is a triangle
UX → X → V
X → ΣUX
where UX ∈ U1 and V
X ∈ V1. These triangles induce a diagram of abelian groups
with exact rows and columns
D1
(ΣUX , Y )→ D1 (V
X , Y )→ D1 (X,Y )→ D1 (UX , Y )→ D1 (Σ
−1VX , Y )
↓ ↓ ↓ ↓ ↓
D2
(FΣUX , FY )→ D2 (FV
X , FY )→ D2 (FX,FY )→ D2 (FUX , FY )→ D2 (FΣ
−1VX , FY )
where Dn( , ) denote HomDn( , ). Since HomD1(U, Y ) → HomD2(FU, FY ) and
HomD1(V, Y ) → HomD2(FV, FY ) are bijective for any U ∈ U1 and V ∈ V1 by
Lemma 1.14(1), so is HomD1(X,Y )→ HomD2(FX,FY ) from five-lemma.
In the case that F |U1 and F |V1 are equivalences, F is dense by Lemma 1.14(3).

As an immediate consequence, we have the following useful result, which will be
used in the later section.
Proposition 1.16. Let Dn be a triangulated category, and let (Un,Vn,Wn) be a
triangle of recollements in Dn (n = 1, 2). Assume a triangle functor F : D1 → D2
sends a triangle of recollements (U1,V1,W1) to a triangle of recollements (U2,V2,
W2). If F |U1 is fully faithful (resp., equivalent), so is F : D1 → D2.
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Proof. By Proposition 1.2, Cororally 1.13, it easy to see that F ′′ : D1/V1 → D2/V2
is fully faithful (resp., equivalent), and hence so is F |W1 . Similarly, we have
that F |V1 is fully faithful (resp., equivalent). Hence we have the statement by
Lemma 1.14 (3). 
2. Recollement of homotopy categories
In this section, we study recollements of homotopy categories. Let us start with
the following general observation.
Proposition 2.1. Let A be an abelian category, and B its additive subcategory.
Then ((K+,b /Kb)(B), (K−,b /Kb)(B)) is a stable t-structure in (K∞,b /Kb)(B).
Proof. It is clear that we have
Hom(K∞,b /Kb)(B)((K
+,b /Kb)(B), (K−,b /Kb)(B)) = 0
For any X ∈ K∞,b(B), 0 → τ≥1X → X → τ≤0X → 0 is a short exact sequence,
which implies a triangle τ≥1X → X → τ≤0X → Στ≥1X . Since τ≥1X ∈ K
+,b(B)
and τ≤0X ∈ K
−,b(B), we get the conclusion. 
Proposition 2.2. Let A be an abelian category with enough injectives. Then we
have the following.
(1) A pair (K∞,∅(InjA),K+,b(InjA)) is a stable t-structure in K∞,b(InjA).
(2) There is a localization exact sequence
K∞,∅(InjA)
j! //
K∞,b(InjA)
j∗
oo
i∗ //
Db(A)
i∗
oo
for the canonical embedding j! : K
∞,∅(InjA)→ K∞,b(InjA).
Proof. It is clear that HomK∞,b(InjA)(K
∞,∅(InjA),K+,b(InjA)) = 0. Given any com-
plex X ∈ K∞,b(InjA), there is a complex VX ∈ K
+,b(InjA) which has a quasi-
isomorphism X
ǫX−−→ VX . By taking the mapping cone of ǫX , we have a triangle
UX
ηX
−−→ X
ǫX−−→ VX → ΣUX with UX ∈ K
∞,∅(InjA). Then (K∞,∅(InjA),
K+,b(InjA)) is a stable t-structure in K∞,b(InjA). By Proposition 1.2 and Corollary
1.4, we are done with the proof. 
Dually we have the following observation.
Proposition 2.3. Let A′ be an abelian category with enough projectives. Then we
have the following.
(1) A pair (K−,b(ProjA′),K∞,∅(ProjA′)) is a stable t-structure in
K∞,b(ProjA′).
(2) There is a localization exact sequence
Db(A′)
i∗ //
K∞,b(ProjA′)
i!
oo
j∗ //
K∞,∅(A′)
j∗
oo
for the canonical embedding j∗ : K
∞,∅(ProjA′)→ K∞,b(ProjA′),
Theorem 2.4.
(1) Let A be an abelian category with enough injectives.
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(a) ((K∞,∅(InjA), (K+,b /Kb)(InjA)) and ((K+,b /Kb)(InjA),
(K−,b /Kb)(InjA)) are stable t-structures in (K∞,b /Kb)(InjA).
(b) The canonical embedding i∗ : (K
+,b /Kb)(InjA) → (K∞,b /Kb)(InjA)
induces a recollement
(K+,b /Kb)(InjA) i∗ // (K∞,b /Kb)(InjA)
i∗oo
i!
oo
j∗ // (K∞,b /K+,b)(InjA)
j!oo
j∗
oo
such that Im j! = K
∞,∅(InjA) and Im j∗ = (K
−,b /Kb)(InjA).
(2) Let A′ be an abelian category with enough projectives.
(a) ((K+,b /Kb)(ProjA′), (K−,b /Kb)(ProjA′)) and ((K−,b /Kb)(ProjA′),
K∞,∅(ProjA′)) are stable t-structures in (K∞,b /Kb)(ProjA′).
(b) The canonical embedding i∗ : (K
−,b /Kb)(ProjA′)→
(K∞,b /Kb)(ProjA′) induces a recollement
(K−,b /Kb)(ProjA′) i∗ // (K∞,b /Kb)(ProjA′)
i∗oo
i!
oo
j∗ // (K∞,b /K−,b)(ProjA′)
j!oo
j∗
oo
such that Im j! = (K
−,b /Kb)(ProjA′) and Im j∗ = K
∞,∅(ProjA′).
Proof. Immediately from Propositions 2.1, 2.2, 2.3, 1.5. 
Corollary 2.5. (1) Let A be an abelian category with enough injectives. Then
we have a triangle equivalence (K−,b /Kb)(InjA) ≃ K∞,∅(InjA).
(2) Let A′ be an abelian category with enough projectives. Then we have a
triangle equivalence (K+,b /Kb)(ProjA′) ≃ K∞,∅(ProjA′).
Proof. (1) According to Theorem 2.4, we have the triangle equivalences
K∞,∅(InjA) ≃ Im j! ≃ (K
∞,b /K+,b)(InjA) ≃ Im j∗ ≃ (K
−,b /Kb)(InjA). Similarly
we get (2). 
For Iwanaga-Gorenstein rings, we have one more stable t-structure.
Lemma 2.6. Let R be an Iwanaga-Gorenstein ring. Then (K∞,∅(projR),
K+,b(projR)) is a stable t-structure in K∞,b(projR).
Proof. By the assumption, HomR(−, R) induces dualities
K∞,b(projR) ≃ K∞,b(projRop), K∞,∅(projR) ≃ K∞,∅(projRop)
K−,b(projR) ≃ K+,b(projRop), K+,b(projR) ≃ K−,b(projRop).
Hence a stable t-structure (K−,b(projRop),K∞,∅(projRop)) in K∞,b(projRop) im-
plies a stable t-structure (K∞,∅(projR),K+,b(projR)) in K∞,b(projR). 
Theorem 2.7. Let R be an Iwanaga-Gorenstein ring, Then
((K+,b /Kb)(projR), (K−,b /Kb)(projR),K∞,∅(projR))
is a triangle of recollements in (K∞,b /Kb)(projR). In particular, we have triangle
equivalences
(K+,b /Kb)(projR) ≃ (K−,b /Kb)(projR) ≃ K∞,∅(projR)
Proof. According to Lemma 2.6, Proposition 1.5 and Theorem 2.4, we have the
conclusion. 
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3. Cohen-Macaulay modules and the category of morphisms
Throughout this section let R be an Iwanaga-Gorenstein ring. In this section
we introduce the category of morphisms between R-modules [A1], and study the
relationship with the category of T2(R)-modules.
Let us recall the following well-known result.
Proposition 3.1. The following hold.
(1) CMR = {Z0(X) | X ∈ C(projR),Hi(X) = 0 (i ∈ Z)}.
(2) CMR ≃ K∞,∅(projR).
Proof. (1) Let M ∈ CMR, then by Lemma 2.6 there is a complex S ∈ K+,b(projR)
such that S is quasi-isomorphic to M . Let C0 = Cok(S−1 → S0), then C0 has a
finite projective resolution and ExtiR(C
0, R) = 0 for any i > 0. Therefore C0 ∈
projR, and we may assume S : 0 → S0 → S1 → · · · . Hence there is a complex
X ∈ C(projR) such that Z0(X) ∼=M and Hi(X) = 0 (i ∈ Z).
(2) It is easy to see that the functor Z0 : K∞,∅(projR)→ CMR is a triangulated
equivalence. 
Definition 3.2. Let B an additive category. We define the category Mor(B) of
morphisms in B as follows.
• An object is a morphism α : X → T in B.
• A morphism from α : X → T to β : X ′ → T ′ is a pair (f, g) of morphisms
f : X → X ′ and g : T → T ′ such that gα = βf .
When B = ModR for a ring R, this category was studied systematically by
Auslander [A1] in the representation theory of algebras. For an object α : X → T
in Mor(ModR), we have a T2(R)-module X ⊕ T where the multiplication is given
by
(x, t)
(
a b
0 c
)
:= (xa, αxb + tc) (x ∈ X, t ∈ T, a, b, c ∈ R).
For a morphism (f, g) from α : X → T to β : X ′ → T ′, we have a morphism
f ⊕ g : X ⊕ T → X ′ ⊕ T ′ of T2(R)-modules defined by
(f ⊕ g)(x, t) := (fx, gt) (x ∈ X, t ∈ T ).
We have the following fundamental observation [A1]
Proposition 3.3. For any ring R, we have an equivalence
Mor(ModR)→ ModT2(R).
We remark the following observation, where the former statement is well-known
(see e.g. [Iw]).
Lemma 3.4. Let R be an Iwanaga-Gorenstein ring. Then so is T2(R).
Now we introduce full subcategories of Mor(ModR) corresponding to the full
subcategory CMT2(R) of ModT2(R).
Definition 3.5. Let R be an Iwanaga-Gorenstein ring.
(1) Define the full subcategoryMore(CMR) ofMor(ModR) consisting of objects
α : X → T which is surjective and X,T ∈ CMR 4.
4Notice that Kerα ∈ CMR holds automatically in this case.
RECOLLEMENT OF HOMOTOPY CATEGORIES AND CM MODULES 15
(2) Define the full subcategory Morm(CMR) of Mor(ModR) consisting of ob-
jects α : X → T which is injective and X,T,Cokα ∈ CMR.
We have the following result.
Proposition 3.6. 5
(1) The equivalence in Proposition 3.3 induces an equivalence
Morm(CMR) ≃ CMT2(R).
(2) α 7→ cokα and α 7→ kerα give mutually quasi-inverse equivalences
Morm(CMR) cok //
More(CMR).
keroo
Proof. (1) Under the equivalenceModT2(R)→ Mor(ModR), any projective T2(R)-
module corresponds to a split monomorphism α : X → T of projective R-modules.
Assume that an object α : X → T in Mor(ModR) corresponds to a Cohen-
Macaulay T2(R)-module. By Lemmas 3.4 and 3.1, there exists a commutative
diagram
0→ X → X0 → X1 → · · ·
↓α ↓α
0
↓α
1
0→ M → M0 → M1 → · · ·
of exact sequences such that αi : X i → T i corresponds to a projective T2(R)-
module. Since αi is a split monomorphism of projective R-modules by the remark
above, we have that α is injective and X,M ∈ CMR. Moreover we have Cokα ∈
CMR since we have an exact sequence
0→ Cokα→ Cokα0 → Cokα1 → · · ·
with projective R-modules Cokαi.
Conversely let α : X → T be an object in Morm(CMR). Since X,Cokα ∈ CMR,
there exist acyclic complexes X1 and X3, of which all cocycle are in CMR, such
that Z0(X1) = X and Z
0(X3) = Cokα. Then we can construct a commutative
diagram
0 0 0
↓ ↓ ↓
0→ X → X01 → X
1
1 → · · ·
↓α ↓α
0
↓α
1
0→ T → X01 ⊕X
0
3 → X
1
1 ⊕X
1
3 → · · ·
↓ ↓ ↓
0→ Cokα → X03 → X
1
3 → · · ·
↓ ↓ ↓
0 0 0
of exact sequences such that each vertical sequences are split exact. Since each αi
corresponds to a projective T2(R)-module, we have that α : X → T in Mor(ModR)
corresponds to a Cohen-Macaulay T2(R)-module.
(2) This is clear. 
We introduce subcategories of More(CMR) to study CMT2(R).
5This is independently obtained by Li and Zhang [LZ]. See also [C].
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Definition 3.7. Let More(CMR) be the stable category of More(CMR). We de-
note by Mor10(CMR) (resp., Mor11(CMR), Mor01(CMR)) the full subcategory of
More(CMR) consisting of objects corresponding to the objects of the form X → 0
(resp., T
1
−→ T , P → T with P being projective) in More(CMR).
We have the following main result in this section.
Theorem 3.8. Let R be an Iwanaga-Gorenstein ring. Then we have the following.
(1) (Mor01(CMR),Mor10(CMR),Mor11(CMR)) is a triangle of recollements in
More(CMR).
(2) There is a recollement
Mor10(CMR) i∗ // Mor
e(CMR)
i∗oo
i!
oo
j∗// Mor
e(CMR)/Mor10(CMR)
j!oo
j∗
oo
such that the essential image Im j! (resp., Im j∗) is Mor
01(CMR) (resp.,
Mor11(CMR)).
(3) We have equivalences
CMR ≃ Mor10(CMR) ≃ Mor11(CMR) ≃ Mor01(CMR).
Proof. It is clear that HomMore(CMR)(Mor
01(CMR),Mor10(CMR)) = 0,
HomMore(CMR)(Mor
10(CMR),Mor11(CMR)) = 0 and
HomMore(CMR)(Mor
11(CMR),Mor01(CMR)) = 0. Given any object (α : X → T ) ∈
More(CMR), we have an exact sequence in More(CMR):
0 −−−−→ Kerα −−−−→ X
α
−−−−→ T −−−−→ 0y0Kerα yα y1T
0 −−−−→ 0 −−−−→ T −−−−→ T −−−−→ 0
Therefore we have the triangle 0Kerα → α → 1T → Σ0Kerα in Mor
e(CMR). Let
0 → X → P → ΣX → 0 and 0 → Σ−1X → Q → X → 0 be exact sequences
in modR such that P,Q are finitely generated projective and Σ−1X,ΣX ∈ CMR.
Then we have morphisms of exact sequences:
0 −−−−→ Σ−1X −−−−→ Q −−−−→ X −−−−→ 0y0Σ−1X yσ yα
0 −−−−→ 0 −−−−→ T −−−−→ T −−−−→ 0
0 −−−−→ X −−−−→ P −−−−→ ΣX −−−−→ 0yα yτ y1ΣX
0 −−−−→ T −−−−→ M −−−−→ ΣX −−−−→ 0
Since 0Σ−1X ≃ Σ
−10X and 1ΣX ≃ Σ1X in Mor
e(CMR), we have the triangles
σ → α→ 0X → Σσ and 1X → α→ τ → Σ1X in Mor
e(CMR). It is easy to see that
Mor10(CMR) is equivalent to CMR, then we have the statement by Propositions
1.10 and 1.16. 
RECOLLEMENT OF HOMOTOPY CATEGORIES AND CM MODULES 17
4. Triangle equivalence between recollements
We prove a triangle equivalence between CMT2(R) and (K
∞,b /Kb)(projR). The
rough sketch of the proof is the following. By Proposition 3.6, we show there is a tri-
angle equivalence from More(CMR) to (K∞,∅ /Kb)(projR). We begin with building
a functor F : More(CMR) → K∞,∅(projR). Next we see that F induces a triangle
functor F : More(CMR)→ (K∞,∅ /Kb)(projR). The point is that both domain and
target categories have triangles of recollements and F sends one triangle of recolle-
ments to the other. So if F restricts to an equivalence between some composing
subcategories of these triangles of recollements, then F itself is an equivalence from
Proposition 1.16.
Let α : Xα → Tα be an object of Mor
e(CMR) and let FXα and FTα be acyclic
complexes of finitely generated projective R-modules such that H0(τ≤0FXα) = Xα
and H0(τ≤0FTα) = Tα. Make a complex Fα as
τ≤0Fα = τ≤0FXα , τ≥1Fα = τ≥1FTα , dFα = ǫTααρXα
where ρXα : F
0
Xα
→ Xα (ǫTα : Tα → F
1
Tα
) is a natural surjective (resp. injective)
map.
Lemma 4.1. 1) For a morphism f ∈ HomMore(CMR)(α, β), there is a chain map
Ff : Fα → Fβ such that (H
0(τ≤0Ff ),H
1(τ≥1Ff )) = f .
2) For morphisms f ∈ HomMore(CMR)(α, β) and g ∈ HomMore(CMR)(β, γ), we may
choose chain maps Ff , Fg and Fgf as Fgf = FgFf .
3) An exact sequence 0 → α
f
→ β
g
→ γ → 0 in More(CMR) induces an exact se-
quence 0→ Fα
Ff
→ Fβ
Fg
→ Fγ → 0 by the choice of complexes and chain maps.
Proof. 1) Since projective R-modules are projective-injective objects in CMR, lin-
ear maps fX : Xα → Xβ and fT : Tα → Tβ induce chain maps between com-
plexes fX
• : τ≤0Fα → τ≤0Fβ and fT
• : τ≥1Fα → τ≥1Fβ respectively. Putting
Ff : Fα → Fβ as
F if =
{
f iX (i ≤ 0)
f iT (i ≥ 1)
,
we see Ff is a chain map because d
0
Fβ
f0X = (ǫTββρXβ )f
0
X = ǫTββ(fXρXα) =
ǫTβ (fTα)ρXα = (f
1
T ǫTα)αρXα = f
1
Td
0
Fα
.
2) It is obvious from the construction of Ff and Fg as in 1).
3) The given exact sequence implies a commutative diagram with exact rows in
CMR:
0 → Xα
fX
→ Xβ
gX
→ Xγ → 0yα yβ yγ
0 → Tα
fT
→ Tβ
gT
→ Tγ → 0
The upper row induces an exact sequence of projective resolutions
0 → τ≤0Fα → τ≤0Fβ → τ≤0Fγ → 0,
and the lower row induces an exact sequence of projective coresolutions as well:
0 → τ≥1Fα → τ≥1Fβ → τ≥1Fγ → 0
18 OSAMU IYAMA, KIRIKO KATO AND JUN-ICHI MIYACHI
Thus we obtain a commutative diagram with exact rows in C(modR)
0 → τ≤0Fα → τ≤0Fβ → τ≤0Fγ → 0yρXα yρXβ yρXγ
0 → Xα
fX
→ Xβ
gX
→ Xγ → 0yα yβ yγ
0 → Tα
fT
→ Tβ
gT
→ Tγ → 0yǫTα yǫTβ yǫTγ
0 → τ≥1Fα → τ≥1Fβ → τ≥1Fγ → 0
whose composite is the desired sequence.

Lemma 4.2. The operation F gives a full functor More(CMR)→ K∞,b(projR).
Proof. We shall see first that Fα is uniquely determined as an object of K
∞,b(projR)
by α, independent of the choice of FXα and FTα . Suppose other acyclic complexes
of projective modules F ′Xα and F
′
Tα
also have the property H0(τ≤0F
′
Xα
) = Xα and
H0(τ≤0F
′
Tα
) = Tα. Both τ≤0FXα and τ≤0F
′
Xα
are projective resolutions of Xα,
hence are isomorphic in K−,b(projR). Similarly τ≥1FTα and τ≥1F
′
Tα
are isomorphic
in K+,b(projR). Therefore, in K∞,b(projR), the complex Fα is isomorphic to the
complex F ′α obtained from F
′
Xα
and F ′Tα as
τ≤0F
′
α = τ≤0F
′
Xα , τ≥1F
′
α = τ≥1F
′
Tα , dF ′α = ǫ
′
Tααρ
′
Xα
where ρ′Xα : F
′0
Xα → Xα is the natural projection and ǫ
′
Tα : Tα → F
′1
Tα
is the
natural inclusion.
Next we see that f ∈ HomMore(CMR)(α, β) determines Ff ∈ HomK∞,b(projR)(Fα,
Fβ). Suppose two chain maps ϕ1 and ϕ2 both satisfy H
0(τ≤0ϕi) = fX , H
1(τ≥1ϕi) =
fT (i =1,2). Then τ≤0ϕ1 and τ≤0ϕ2 (τ≥1ϕ1 and τ≥1ϕ2) are homotopic , hence
so are ϕ1 and ϕ2.
We have already seen that F is functorial from Lemma 4.1 1).
We shall show that F is full. Let α and β be objects of More(CMR) and let
ϕ be a morphism from Fα to Fβ . Then fX = H
0(τ≤0ϕ) and fT = H
1(τ≥1ϕ)
satisfy βfX = fTα because ǫTβ (βfX)ρXα = ǫTβ (fTα)ρXα , ρXα is surjective and
ǫTβ is injective. Hence f = (fX , fT ) is a morphism from α to β in Mor
e(CMR).
Obviously ϕ = Ff . 
Lemma 4.3. The functor F induces a functor
F : More(CMR)→ (K∞,b/Kb)(projR).
Proof. Let p be an object of More(CMR). If Fp is bounded, then both Xp and Tp
have finite projective dimension hence are projective modules. If p is a projective
object in More(CMR), then Xp and Tp are projective modules hence Fp is just
given by F 0p = Xp, F
1
p = Tp, d
0
Fp
= p and F ip = 0 (i 6= 0, 1). 
For an object A and a morphism ϕ in K∞,b(projR), A and ϕ denote Q(A) and
Q(ϕ) respectively where Q is the canonical quotient functor Q : K∞,b(projR) →
(K∞,b/Kb)(projR).
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Proposition 4.4. The functor F : More(CMR)→ (K∞,b/Kb)(projR) is a triangle
functor.
Proof. First we show the existence of a functorial isomorphism iα : FΣα → ΣFα for
each object α of More(CMR). Take an exact sequence
0→ α
ǫα→ qα
πα→ Σα→ 0
in the Frobenius category More(CMR) such that qα is an injective object. Then it
induces an exact sequence
0→ Fα
Fǫα→ Fqα
Fπα→ FΣα → 0
in C(modR). Let IFα be the mapping cone of the identity map 1 : Fα → Fα. Then
we have a commutative diagram with exact rows in C(modR)
0 → Fα
Fǫα→ Fqα
Fπα→ FΣα → 0
‖
yjα yiα
0 → Fα → IFα → ΣFα → 0
which implies a triangle in K∞,b(projR)
Fα
Fǫα−−→ Fqα
Fπα−−−→ FΣα
iα−→ ΣFα.
Since Fqα belongs to K
b(projR), iα is an isomorphism in (K
∞,b/Kb)(projR). More-
over, iα is functorial. Let f : α → β be a morphism in Mor
e(CMR). We have a
commutative diagram with exact rows
0 → α
ǫα→ qα
πα→ Σα → 0yf yfq yΣf
0 → β
ǫβ
→ qβ
πβ
→ Σβ → 0.
where qα and qβ are injective objects. Since FǫβFf = FfqFǫα , FπβFfq = FΣfFπβ in
K∞,b(projR), there is a morphism of triangles
Fα
Fǫα−−−−→ Fqα
Fπα−−−−→ FΣα
iα−−−−→ ΣFαyFf yFfq yFΣf yΣFf
Fβ
Fǫβ
−−−−→ Fqβ
Fπβ
−−−−→ FΣβ
iβ
−−−−→ ΣFβ
Particularly, ΣFf iα = iβFΣf .
Next, let
α
f
→ β
g
→ γ
h
→ Σα
be a triangle in More(CMR). That is, we have an injective object qα such that
there is a commutative diagram in More(CMR) with exact rows:
0 → α
ǫα→ qα
πα→ Σα → 0yf yw ‖
0 → β
g
→ γ
h
→ Σα → 0.
The induced exact sequence
0 → Fα
Fǫα→ Fqα
Fπα→ FΣα → 0
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is completed as an diagram with exact rows in C(modR):
(4.5)
0 → Fα
Fǫα→ Fq
Fπα→ FΣα → 0yFf ys ‖
0 → Fβ
c
→ E
n
→ FΣα → 0
The bottom row induces a commutative diagram in CMR with exact rows
0 → Xβ
g′X→ XE
h′X→ XΣα → 0yβ yλ yΣα
0 → Tβ
g′T→ TE
h′T→ TΣα → 0
where λ is the canonical map between XE = Cok d
−1
E and TE = Ker d
1
E . Hence λ
belongs to More(CMR) and E = Fλ since H
i(E) = 0 for i 6= 0. We have c = Fg′
and n = Fh′ with g
′ = (g′X , g
′
T ) and h
′ = (h′X , h
′
T ). By the same argument in
Lemma 4.2, there exists w′ ∈ HomCM(qα, λ) such that s = Fw′ . Thus we have a
diagram with exact rows:
0 → α
ǫα→ qα
πα→ Σα → 0yf yw′ ‖
0 → β
g′
→ λ
h′
→ Σα → 0.
which shows γ ∼= λ, g′ = g and h′ = h via this isomorphism. Hence E = Fγ and
(4.5) implies a morphism between triangles in K∞,b(projR):
Fα
Fǫα−−−−→ Fqα
Fπα−−−−→ FΣα
iα−−−−→ ΣFαyFf yFw′ ∥∥∥ yΣFf
Fβ
Fg
−−−−→ Fγ
Fh−−−−→ FΣα
ΣFf iα
−−−−→ ΣFβ
In (K∞,b/Kb)(projR), iα is an isomorphism hence we get a triangle
Fβ
Fg
−−→ Fγ
Fh
−−→ ΣFα
ΣFf
−−−→ ΣFβ
which implies a triangle
Fα
Ff
−−→ Fβ
Fg
−−→ Fγ
Fh
−−→ ΣFα.

Lemma 4.6. The functor F |Mor11(CMR) : Mor
11(CMR)→ K∞,∅(projR) is a trian-
gle equivalence.
Proof. Define the functor H : CMR → Mor11(CMR) by H(X) = (X
1X−−→ X) for
any object X ∈ CMR. Then H is an triangle equivalence. Moreover, it is easy to
see that the functorF |Mor11(CMR) ◦H : CMR→ K
∞,∅(projR) is also an equivalence.
Therefore we have the statement. 
Lemma 4.7. Let R be an Iwanaga-Gorenstein ring. Then the functor F :
More(CMR)→ K∞,b(projR) sends a triangle (Mor01(CMR),Mor10(CMR),
Mor11(CMR)) of recollements to a triangle ((K+,b /Kb)(projR), (K−,b /Kb)(projR),
K∞,∅(projR)) of recollements.
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Theorem 4.8. Let R be an Iwanaga-Gorenstein ring. There is a triangle equiva-
lence from More(CMR) to (K∞,b /Kb)(projR).
Proof. ¿From Theorem 2.7 and Theorem 3.8, there are triangles of recollements
(Mor01(CMR),Mor10(CMR),Mor11(CMR)) in More(CMR)
and ((K+,b /Kb)(projR), (K−,b /Kb)(projR),K∞,∅(projR)) in (K∞,b /Kb)(projR).
By Lemma 4.7, the functor F : More(CMR) → (K∞,b /Kb)(projR) restricts to
triangle functors F |Mor01(CMR) : Mor
01(CMR)→ (K+,b /Kb)(projR), F |Mor10(CMR) :
Mor10(CMR)→ (K−,b /Kb)(projR) and F |Mor11(CMR) : Mor
11(CMR)→
K∞,∅(projR). And F |Mor11(CMR) is an equivalence by Lemma 4.6. Then Proposition
1.16 gives us the conclusion. 
The quasi-inverse of F is constructed in the following way. There is a recollement
K∞,∅(projR) k∗ // K
∞,b(projR)
k∗oo
k!
oo
l∗// (K
∞,b /K∞,∅)(projR)
l!oo
l∗
oo
With respect to two functorsX = k∗k
! and T = k∗k
∗, the adjunction arrows k∗k
! →
1K∞,b(projR) and 1K∞,b(projR) → k∗k
∗ imply morphisms ξL : XL → L and ζL : L→
TL for each object L of K
∞,b. Put λL = ζLξL. We may assume λL
0 is surjective
hence get a surjective map Z1λL : Z
1XL → Z
1TL where Z
1XL = Ker d
1
XL
and
Z1TL = Ker d
1
TL
. Let f/s : L → M be a morphism of (K∞,b /Kb)(projR) given
by a diagram of morphisms L
s
← L′
f
→M in K∞,b(projR) with C(s) ∈ Kb(projR).
Since Xs and Ts are isomorphisms, ((Z1Xf)(Z1Xs)−1, (Z1Tf)(Z1Ts)−1) belongs
to HomMore(CMR)(Z
1λL, Z
1λM ).
Proposition 4.9. The operation Z1λ induces a functor Z1λ : (K∞,b /Kb)(projR)
→ More(CMR) which is the quasi-inverse functor of F .
Proof. Let G be the quasi-inverse of F . Obviously FZ1λL is isomorphic to L
in (K∞,b /Kb)(projR) for every object L. Hence we have G(L) = G(FZ1λL) =
GF (Z1λL) = Z
1λL. Similarly we have G(f/s) = ((Z
1Xf)(Z1Xs)−1,
(Z1Tf)(Z1Ts)−1) for a morphism L
s
← L′
f
→M in Hom(K∞,b /Kb)(projR)(L,M). 
5. Homotopy categories of infinitely generated modules
In the case that a Iwanaga-Gorenstein ring R has a two-sided injective resolution,
we study homotopy categories of infinitely generated projective modules and give
the triangle equivalence analogous to one in Theorem 4.8. Also in this infinite case,
the key is a triangle of recollements but is obtained by a quite different way from
in the finite case. Namely we use the equivalence between K(ProjR) and K(InjR)
[IK], which gives us not only a projective version but also injective version of the
result. Recall that we say that R has a two-sided injective resolution if there is
an R-bimodule complex V which is an injective resolution of R as right R-modules
and as left R-modules.
The main result of this section is the following.
Theorem 5.1. Let R be an Iwanaga-Gorenstein ring with a finite two-sided injec-
tive resolution. Then there is a triangle equivalence from LCMT2(R) to
(K∞,b /Kb)(ProjR).
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Lemma 5.2. Let R be an Iwanaga-Gorenstein ring. If R has a two-sided injective
resolution, then so does T2(R).
Proof. We only prove the latter statement. If 0→ R→ V 0
d0
−→ V 1
d1
−→ · · ·V n → 0
is a two-sided injective resolution, then
0→ T2(R)→
(
V 0 V 0
V 0 V 0
)
∆0
−−→
(
V 1 V 1
V 0⊕V 1 V 1
)
∆1
−−→ · · · →
(
V n V n
V n−1⊕V n V n
)
→ ( 0 0
V n 0 ) → 0
is a two-sided injective resolution, where any
(
V i V i
V i−1⊕V i V i
)
is an T2(R)-bimodule
by the following actions(
vi11 v
i
12
(ui−121 ,v
i
21) v
i
22
)
( a b0 c ) =
(
vi11a v
i
11b+v
i
12c
(ui−121 a,v
i
21a) v
i
21b+v
i
22c
)
( a b0 c )
(
vi11 v
i
12
(ui−121 ,v
i
21) v
i
22
)
=
(
avi11+bv
i
21 av
i
12+bv
i
22
(cui−121 ,cv
i
21) cv
i
22
)
for any
(
vi11 v
i
12
(ui−121 ,v
i
21) v
i
22
)
∈
(
V i V i
V i−1⊕V i V i
)
, ( a b0 c ) ∈ T2(R), and
∆i =
(
di di
∂i di
)
:
(
V i V i
V i−1⊕V i V i
)
→
(
V i+1 V i+1
V i⊕V i+1 V i+1
)
is a differential with ∂i =
(
−di−1 1
0 di
)
V i−1 ⊕ V i → V i ⊕ V i+1. 
Example 5.3. (1) A commutative ring obviously has a two-sided injective resolu-
tion.
(2) Let k be a commutative ring, A a k-algebra which is projective as a k-module.
According to [Mi2], A has a two-sided injective resolution.
Lemma 5.4. Let R be an Iwanaga-Gorenstein ring. If R has a two-sided injective
resolution, then the following hold.
(1) (K∞,∅(ProjR),K+,b(ProjR)) is a stable t-structure in K∞,b(ProjR).
(2) (K−,b(InjR),K∞,∅(InjR)) is a stable t-structure in K∞,b(InjR).
Proof. Let V be a two-sided injective resolution of R, then V is a dualizing complex.
According to [IK] Theorem 4.2 and 4.8, G = − ⊗R V : K(ProjR) → K(InjR) is a
triangle equivalence. Also [IK] Theorem 2.7, Proposition 3.4, Proposition 5.9 and
5.12 show that G restricts to equivalences
K∞,b(ProjR)→ K∞,b(InjR),K∞,∅(ProjR)→ K∞,∅(InjR),
K+,b(ProjR)→ K+,b(InjR),K−,b(ProjR)→ K−,b(InjR).
According to [IK] Corollary 5.5 and 5.12, K∞,∅(ProjR) and K∞,∅(InjR) coincide
with the homotopy categories of totally acyclic complexes of projective modules
and injective modules, respectively. Applying G, we obtain (1) from Proposition
2.2 and (2) from Proposition 2.3. 
Proposition 5.5. The following hold.
(1) LCMR = {Z0(X) | X ∈ C(ProjR),Hi(X) = 0 (i ∈ Z)}.
(2) LCMR ≃ K∞,∅(ProjR).
Proof. By Lemma 5.4, this proof is similar to one of Lemma 3.1. 
Theorem 5.6. Let R be an Iwanaga-Gorenstein ring with a two-sided injective
resolution, then the following hold.
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(1) ((K+,b /Kb)(ProjR), (K−,b /Kb)(ProjR),K∞,∅(ProjR)) is a triangle of rec-
ollements in (K∞,b /Kb)(ProjR).
(2) ((K+,b /Kb)(InjR), (K−,b /Kb)(InjR),K∞,∅(InjR)) is a triangle of recolle-
ments in (K∞,b /Kb)(InjR).
(3) We have triangle equivalences
(K+,b /Kb)(ProjR) ≃ (K−,b /Kb)(ProjR) ≃ K∞,∅(ProjR) ≃
(K+,b /Kb)(InjR) ≃ (K−,b /Kb)(InjR) ≃ K∞,∅(InjR)
Proof. (1)(2) It is immediate from Theorem 2.4 and Lemma 5.4.
(3) We know the equivalence K∞,∅(ProjR) ≃ K∞,∅(InjR) from the proof of
Lemma 5.4. Other equivalences are obtained by Proposition 1.2 (3). 
Once we get a triangle of recollements in (K∞,b /Kb)(ProjR), the remaining part
is just LCM-versions of the proevious results.
Definition 5.7. (1) We denote by More(LCMR) the full subcategory of
Mor(ModR) consisting of objects α : X → T which is surjective and X,T ∈
LCMR.
(2) We denote by Mor01(LCMR) (resp., Mor10(LCMR), Mor01(LCMR)) the
full subcategory of More(LCMR) consisting of objects corresponding to the
objects of the form X → 0 (resp., T
1
−→ T , P → T with P being projective)
in Mors(LCMR).
(3) We denote by Morm(LCMR) the full subcategory of Mor(ModR) consisting
of objects α : Z → X which is injective and Z,X, cokα ∈ LCMR.
Proposition 5.8. (1) The equivalence in Proposition 3.3 induces an equiva-
lence
Morm(LCMR) ≃ LCMT2(R).
(2) α 7→ cokα and α 7→ kerα give mutually quasi-inverse equivalences
Morm(LCMR) cok //
More(LCMR).
keroo
Proof. By Lemmas 5.2 and 5.5, this proof is similar to one of Proposition 3.6. 
We also have the following LCM-version of Theorem 3.8.
Theorem 5.9. Let R be an Iwanaga-Gorenstein ring with a two-sided injective
resolution. Then we have the following.
(1) (Mor01(LCMR),Mor10(LCMR),Mor11(LCMR)) is a triangle of recollements
in More(LCMR).
(2) There is a recollement
Mor10(LCMR) i∗ // Mor
e(LCMR)
i∗oo
i!
oo
j∗// Mor
e(LCMR)/Mor10(LCMR)
j!oo
j∗
oo
such that the essential image Im j! (resp., Im j∗) of the functor j! (resp.,
j∗) is Mor
01(LCMR) (resp., Mor11(LCMR)).
(3) We have equivalences
LCMR ≃ Mor10(LCMR) ≃ Mor11(LCMR) ≃ Mor01(LCMR).
24 OSAMU IYAMA, KIRIKO KATO AND JUN-ICHI MIYACHI
Proof. The same as the proof of Theorem 3.8. 
In the same way as in section 4, we have a functor F : More(LCMR) →
K∞,b(ProjR), and a triangle functor F : More(LCMR)→ (K∞,b/Kb)(ProjR).
Lemma 5.10. The functor F |Mor11(LCMR) : Mor
11(LCMR) → K∞,∅(ProjR) is a
triangle equivalence.
Proof. By Lemma 5.5, this proof is similar to one of Lemma 4.6. 
Proof of Theorem 5.1. By Theorem 5.9, we have only to show that F is an triangle
equivalence. It is easy to see that F sends a triangle
(Mor01(LCMR),Mor10(LCMR),Mor11(LCMR))
of recollements to a triangle
((K+,b /Kb)(ProjR), (K−,b /Kb)(ProjR),K∞,∅(ProjR))
of recollements. The equivalence F |Mor11(LCMR) : Mor
11(LCMR)→ K∞,∅(ProjR) in
Lemma 5.10 yields the desired equivalence More(LCMR) ≃ (K∞,b/Kb)(ProjR) by
Propositions 1.16. 
Corollary 5.11. Let R be an Iwanaga-Gorenstein ring, If R has a finite two-
sided injective resolution, then there is a triangle equivalence from LCMT2(R) to
(K∞,b /Kb)(InjR).
Proof. We have a triangle equivalence (K∞,b /Kb)(ProjR) ≃ (K∞,b /Kb)(InjR) by
the proof of Lemma 5.4. So we get the conclusion by Theorem 5.1. 
6. Algebraic triangulated categories and triangles of recollement
In this section, we see that results of previous sections also hold in any Frobenius
category.
Definition 6.1. Let F be a Frobenius category with the additive subcategory P
of projective-injective objects. We denote by the full subcategory K∞,∅(P ,F) of
K(P) consisting of complexes X such that Zi(X) exists and 0 → Zi(X) → X i →
Zi+1(X) → 0 is an exact sequence of F for any i ∈ Z. And we denote by F the
stable category of F by P .
Remark 6.2. For an exact category E , Neeman defined the homotopy category
A(E) of complexes X such that 0 → Zi(X) → X i → Zi+1(X) → 0 is an exact
sequence of E ([Ne1]). He showed that A(E) is a full triangulated subcategory of
K(E). Then the above K∞,∅(P ,F) is a full triangulated subcategory of A(F).
Proposition 6.3. Let F be a Frobenius category with the additive subcategory P
of projective-injective objects. Then K∞,∅(P ,F) is a triangulated category which is
equivalent to F .
Proof. By the above remark, K∞,∅(P ,F) is a full triangulated subcategory of K(P).
By the same reason as Proposition 3.1, the functor Z0 : K∞,∅(P ,F) → F is a
triangulated equivalence. 
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Definition 6.4. Let F be a Frobenius category with the additive subcategory P
of projective-injective objects. We denote by the full subcategory K∞,b(P ,F) of
K(P) consisting of complexes X satisfying τ≤mX = τ≤mY and τ≥nX = τ≥nY
′ for
some integers m ≤ n and some complexes Y, Y ′ ∈ K∞,∅(P ,F). Let K+,b(P ,F) =
K+(P) ∩ K∞,b(P ,F) and K−,b(P ,F) = K−(P) ∩ K∞,b(P ,F).
Lemma 6.5. Let F be a Frobenius category with the additive subcategory P of
projective-injective objects. Then the following hold.
(1) A pair (K−,b(P ,F),K∞,∅(P ,F)) is a stable t-structure in K∞,b(P ,F).
(2) A pair (K∞,∅(P ,F),K+,b(P ,F)) is a stable t-structure in K∞,b(P ,F).
Proof. Since HomP(B, Y ) is acyclic for any B ∈ P and Y ∈ K
∞,∅(P ,F), it is easy
to see that
HomK(P)(K
−,b(P ,F),K∞,∅(P ,F)) = 0.
For X ∈ K∞,b(P ,F), there are an integer n and a complex Y ∈ K∞,∅(P ,F) such
that τ≥nX = τ≥nY . Then we have a morphism f : X → Y such that f
i = 1Xi for
any i ≥ n and a triangle in K∞,b(P ,F):
Z → X
f
−→ Y → ΣZ.
It is easy to see that Z is isomorphic to some complex of K−,b(P ,F) in K∞,b(P ,F).

We denote by (K∗,b /Kb)(P ,F) the quotient category of K∗,b(P ,F) by Kb(P).
Theorem 6.6. Let F be a Frobenius category with the additive subcategory P of
projective-injective objects. Then ((K+,b /Kb)(P ,F), (K−,b /Kb)(P ,F),
K∞,∅(P ,F)) is a triangle of recollements in (K∞,b /Kb)(P ,F). In particular, we
have triangle equivalences
(K+,b /Kb)(P ,F) ≃ (K−,b /Kb)(P ,F) ≃ K∞,∅(P ,F)
Proof. As well as Proposition 2.1, it is easy to see that ((K+,b /Kb)(P ,F),
(K−,b /Kb)(P ,F)) is a stable t-structure. According to Lemma 6.5 and Proposition
1.5, ((K−,b /Kb)(P ,F),K∞,∅(P ,F)) and (K∞,∅(P ,F), (K+,b /Kb)(P ,F)) are stable
t-structures. 
Definition 6.7. Let F be a Frobenius category with the subcategory P of
projective-injective objects. We define the category More(F) (resp., Morm(F)) as
follows.
• An object is an admissible epimorphism (resp., an admissible monomor-
phism) α : X → Y .
• A morphism from α : X → Y to β : X ′ → Y ′ is a pair (f, g) of morphisms
f : X → X ′ and g : T → T ′ such that gα = βf .
We denote by Proj(More(F)) (resp., Proj(Morm(F))) the full subcategory ofMore(F)
(resp., Morm(F)) consisting objects X → Y with X,Y ∈ P , and denote by More(F)
(resp., Morm(F)) the stable category of More(F) (resp., Morm(F)) by More(F)
(resp., Morm(F)).
Proposition 6.8. Let F be a Frobenius category with the subcategory P of
projective-injective objects. Then the following hold.
(1) More(F) is a Frobenius category, and More(F) is a triangulated category.
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(2) Morm(F) is a Frobenius category, and Morm(F) is a triangulated category.
(3) More(F) is equivalent to Morm(F) as a Frobenius category, and More(F) is
triangle equivalent to Morm(F).
Proof. As well as Proposition 3.6. 
Theorem 6.9. Let F be a Frobenius category with the subcategory P of projective-
injective objects. Let Mor10(F) (resp., Mor11(F), Mor01(F)) the full subcategory
of More(F) consisting of objects corresponding to the objects of the form X → 0
(resp., T
1
−→ T , P → T with P ∈ P). Then (Mor10(F),Mor11(F),Mor01(F)) is a
triangle of recollements in More(F).
Proof. Similar to the proof of Theorem 3.8. 
Theorem 6.10. Let F be a Frobenius category with the additive subcategory P of
projective-injective objects. Then More(F) is triangle equivalent to
(K∞,b /Kb)(P ,F).
Proof. For α : X → Y ∈ More(F) we can construct a complex Fα as the same
construction in Section 4, and then a functor F : More(F) → (K∞,b /Kb)(P ,F).
Moreover, it is easy to see that F sends a triangle (Mor10(F),Mor11(F),Mor01(F))
of recollements to a triangle ((K−,b /Kb)(P ,F),K∞,∅(P ,F), (K+,b /Kb)(P ,F)) of
recollements. As well as Lemma 4.6, F |Mor11(F) : Mor
11(F) → K∞,∅(P ,F) is a
triangle equivalence. By Proposition 1.16, we have the conclusion. 
Example 6.11. Let A be an abelian category, and let P be its additive full sub-
category satisfying that Ext1A(X,Y ) = 0 for any X,Y ∈ P . A complex X ∈
K(P) is called totally acyclic if HomB(B,X) and HomB(X,B) are both acyclic
for any B ∈ P . Let G(P) be the full subcategory of A consisting objects which
are isomorphic to the 0-cycle Z0(X) of some totally acyclic complex X ∈ K(P).
Then G(P) is a Frobenius category with the additive subcategory P of projective-
injective objects. Therefore (K∞,b /Kb)(P ,G(P)) has a triangle of recollements.
In particular, for a commutative noetherian ring R with a dualizing complex,
K∞,b(ProjR,G(ProjR)) is called the symmetric Auslander category, a triangle of
recollements in (K∞,b /Kb)(ProjR,G(ProjR)) are studied in [JK].
Example 6.12. Let k be a field, and let A be the k-algebra defined by the following
quiver with relations:
3
β
>
>>
>>
>>
1
γ
@@       
2α
oo
with αβγ = βγα = γαβ = 0. Let F be the additive subcategory ofmodA generated
by finitely generated projective right A-modules, e1A/e1JA and e2A/ Soc(e2A),
where JA is the Jacobson radical right A-modules, where JA is the Jacobson radical
and ei is the idempotent corresponding a vertex i. Then F is a Frobenius category
with the subcategory projA of finitely generated projective-injective A-modules.
Then we have the following equivalences
(K+,b /Kb)(projA,F) ≃ (K−,b /Kb)(projA,F) ≃ K∞,∅(projA,F) ≃ modB,
(K∞,b /Kb)(projA,F) ≃ modT2(B).
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where B is the algebra defined by the following quiver with relations:
1
δ
  
2
α
``
with αδ = δα = 0. On the other hand, we have
(K+,b /Kb)(projA,modA) ≃ (K−,b /Kb)(projA,modA) ≃ K∞,∅(projA,modA)
≃ modA,
(K∞,b /Kb)(projA,modA) ≃ modT2(A).
Thus the category K∞,b(P ,F) depends not only on P but also on F .
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